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Gaussianity is the very base for derivation of the cosmological parameters from the CMB angular
power spectrum. Non-Gaussian signal, whether originated from experimental error or primordial
source, could mimic extra power in the power spectrum, thereby leading to a wrong set of parameters.
In this paper we present a new Gaussianity analysis of the derived CMB singals. It is based on
the trigonometric moments of phases, which can be concluded with a “mean angle”, allowing us
to see the global trend of non-Gaussianity of the signals. These moments are also closely related
to the Pearson’s random walks. We apply these analyses on the derived CMB maps and their
different morphologies manifest themselves through these functions. We also comment on rotational
invariance of the trigonometric moments of phases as a non-Gaussianity test.
PACS numbers: PACS numbers: 98.80.Hw, 52.34.Mw
I. INTRODUCTION
One of the main goals of the ESA Planck mission is to produce the maps of CMB temperature anisotropies and
polarization and the power spectra, from which the accurate values of the cosmological parameters can be derived such
as baryonic and dark matter density Ωm, the dark energy density Ωd, the optical depth of reionization τr and so on.
A crucial requirement that enables us to derive the cosmological parameters from the temperature and polarization
power spectra CT (ℓ) and Cp(ℓ) is that the statistical properties of the primordial CMB signal should be Gaussian.
Should the primordial CMB signal possess non-Gaussian origin such as quadratic non-linearity in the gravitational
potential (Komatsu et al. 2003, see also Wandelt et al. 2004, Mattarese et al. 2004), the connection between CT (ℓ),
Cp(ℓ) and the cosmological parameters needs an additional investigation which seems to be non-trivial. One can
illustrate the importance of non-Gaussianity of the CMB signal by assuming that at some range of multipoles, say,
ℓ ∼ 200 the aℓm coefficients of the spherical harmonics expansion of the anisotropy ∆T are highly correlated. Without
comprehensive testing of non-Gaussianity of the map, these correlations can easily mimic the first acoustic peak in
the CT (ℓ), leading to a wrong conclusion on the properties of the CMB and the cosmological parameters. Preparation
and implementation of sensitive non-Gaussianity tests on the anisotropy and polarization maps is therefore pivotal
for the Planck mission.
After the release of 1-year results of the Wilkinson Microwave Anisotropy Probe (WMAP ) [3–5, 23, 24] in the papers
by Chiang et al. (2003), Park (2004), Eriksen et al. (2004), Hansen et al. (2004), Larson and Wandelt (2004), Land
and Magueijo (2004), Roukema et al. (2004), Schwarz et al. (2004), Chen et al. (2004), various kinds of non-Gaussian
features are detected in the WMAP derived maps. These structures of the WMAP signal in combination with phase
analysis of the whole sky maps, derived from the WMAP data sets (Chiang et al. 2003, Naselsky, Doroshkevich
and Verkhodanov 2004) and wavelet analysis (Vielva et al. 2004, Cruz et al. 2005) clearly show that WMAP signal
contains non-Gaussian features, which could be primordial origin (Eriksen et al. 2004) or related with foreground
residues (Naselsky et al. 2004, Chiang and Naselsky 2004, Dineen and Coles 2004). The exercise of finding non-
Gaussian peculiarities in the WMAP CMB maps is also crucial for the upcoming Planck mission, paving the way
especially for reconstruction of the signal in the Galactic plane area, in order to obtain the whole CMB sky for both
temperature anisotropies and polarization. The method of testing non-Gaussianity presented in this paper operate in
the multipole coefficients aℓm and related to phase analysis, developed by Chiang and Coles (2000), Chiang, Naselsky
and Coles (2004), Coles et al. (2004), Naselsky et al. (2004a,b), Dineen, Graca and Coles (2005). It is applicable for
both temperature anisotropies and E component of polarization multipole coefficients.
The purpose of this paper is to show that any correlations of phases for CMB signal determine the morphology
in the space of phases. We generalize the method of phase correlations by Naselsky, Doroshkevich and Verhodanov
(2003) for testing of the phase coupling in the CMB maps. Particularly, we introduce the mean angle Θℓ for each
multipole ℓ, averaged over all m-modes in order to check whether the distribution of Θℓ is uniform (as it should be for
Gaussian signals), or, if not, what possible preferable directions for each miltipole could be. Note that this statistic
of phases has a natural explanation in terms of Pearson’s random walk problem (Pearson 1905) for
∑
m aℓm and can
be easily generalized for more complex correlations of phases. The importance of such approach is recently pointed
out by Stennard and Coles (2004).
For illustration of sensitivity of the method we use the foreground cleaned map (FCM) and Wiener filtered map
(WFM) derived by Tegmark, de Oliveira-Costa and Hamilton (2003) (hereafter TOH) foregrounds cleaned map
(FCM), the ILC map by WMAP science team ( [38]) and the ILC map reproduced by Erikson et al. (2004) (hereafter
2EILC map). All these maps contain some features of the foreground residues, non-uniformity of the noise, Galactic
plane substraction . . . etc. To avoid confusion, below we call these maps the CMB maps, which represent different
morphology of the primordial (Gaussian) CMB signals with some of the non-Gaussian features. The main task is
to show how any detected non-Gaussian features relate to known properties of the non-Gaussian components of the
signal. All these maps include Galactic plane contamination, which is excluded by different kind of masks in order
for estimation of the power spectrum of CMB anisotropies.
II. PHASE STATISTICS AND THEIR APPLICATION FOR THE CMB ANISOTROPY PROBLEM
In this section we formulate the problem: how do the anisotropies of the CMB signal manifest themselves in the
phase correlations? To answer this question, we recap some of the basics of Gaussian random field. The CMB
temperature fluctuations on a sphere can be expressed as a sum over spherical harmonics:
∆T (θ, ϕ) =
∞∑
ℓ=0
ℓ∑
m=−ℓ
|aℓm|eiφlmYℓm(θ, ϕ), (1)
where |aℓm| and φlm are the moduli and phases of the coefficients of the expansion.
In practice, we use the Healpix package [21] to decompose each of the following derived CMB maps (ILC, FCM,
WFM, EILC) for the coefficients of spherical harmonics aℓm, extracting the phases for analysis.
A homogeneous and isotropic CMB Gaussian random field (GRF), as a result of the simplest inflation paradigm,
possess Legendre polynomial expansion modes whose real and imaginary parts are Gaussian and mutually independent
[6, 7]. The statistical properties of such a field are then completely specified by its angular power spectrum Ccmbℓ ,
〈acmbℓm (acmb)∗ℓ′m′ 〉 = Ccmbℓ δℓℓ′ δmm′ . (2)
In other words, the Central Limit Theorem guarantees that the field is Gaussian if their phases
Ψcmbℓm = tan
−1 ℑ(acmbℓm )
ℜ(acmbℓm )
(3)
are randomly and uniformly distributed at the range [0, 2π]. The method we propose is therefore based on the so-
called “random phase hypothesis”, our null hypothesis for a Gaussian random field, by testing any phase correlations
between modes. For this purpose we apply circular statistics [20] on phases of the spherical harmonic coefficients
(Naselsky et al. 2003; 2004). We examine the cross-correlation of phases between modes (ℓ,m) and (ℓ+∆ℓ,m+∆m)
for all ℓ, m values. The cross-correlation of phases vanishes by definition for pure Gaussian CMB signal, whlist for
non-Gaussian components it should display non-trivial significance. Note that we do not examine any specific kind
of non-Gaussian signals. In reality, all different sorts of non-Gaussian components can propagate into the data, such
as systematic errors and foreground residues, in addition to primordial non-Gaussianity (if exists).
The basic idea is to introduce trigonometric moments of phases, which minimize the contribution of the non-
correlated Gaussian tail and maximize the non-Gaussian tail of the phases (Naselsky, Doroshkevich and Verkhodanov
2003; Naselsky et al. 2004). To simplify the analysis let us describe the phase correlations in ℓ−m plane separately,
choosing orthogonal directions ∆ℓ 6= 0, ∆m = 0 and ∆ℓ = 0, ∆m 6= 0 and throughout this paper we demonstrate
phase coupling in these two directions. Following [29, 30] we define the following trigonometric moments for the
direction ∆ℓ 6= 0,∆m = 0:
C(ℓ,∆ℓ) =
ℓ∑
m=1
cos (Ψℓ+∆ℓ,m − Φℓ,m) ;
S(ℓ,∆ℓ) =
ℓ∑
m=1
sin (Ψℓ+∆ℓ,m − Φℓ,m) ;
(4)
and for the direction ∆ℓ = 0,∆m 6= 0
C(m,∆m) =
ℓ=ℓmax∑
ℓ=m
cos (Ψℓ,m − Φℓ,m+∆m) ;
3S(m,∆m) =
ℓ=ℓmax∑
ℓ=m
sin (Ψℓ,m − Φℓ,m−∆m) ;
(5)
where ℓmax is the maximum ℓ putting into calculation, Ψℓm and Φℓm can be the phases of the spherical harmonics
of two maps for cross correlation, or those of the same map (Ψℓm = Φℓm) for auto-correlation. The concept behind
such statistics is clear. If the phases of the signal are highly correlated (Ψℓ,m → Φℓ+∆ℓ,m), for the SNG statistics we
get S→ 0, while C→ 1. We therefore can further device the “mean angle” along m and ℓ direction as
Θ(ℓ,∆ℓ) = tan
−1 S(ℓ,∆ℓ)
C(ℓ,∆ℓ)
;
Θ(m,∆m) = tan
−1 S(m,∆m)
C(m,∆m)
, (6)
respectively, both defined in [0, 2π]. Thus, for the pure Gaussian signals the mean angles should be uniformly random
along either the ℓ (after summation over m) or m (over ℓ) direction. Non-Gaussian signals in the CMB data manifest
themselves as asymmetry with respect to π or non-random. Moreover, for non-Gaussian signal we expect to find
cross-correlation between Θ(ℓ,∆ℓ) and Θ(ℓ
′
,∆ℓ), and between Θ(m,∆m) and Θ(m
′
,∆m) for different ℓ, ℓ
′
and m,m
′
modes.
III. TRIGONOMETRIC STATISTICS AS AN EXAMPLE OF PEARSON’S RANDOM WALK
One of the interesting properties of the trigonometric statistics is related to the idea suggested in Stannard and
Coles (2004), in which it is pointed out that the statistics of the aℓm coefficients in the form of Rℓ =
∑
m>0 aℓm is
essentially the same as those of “Rayleigh flight”, whose properties are well developed. However, for the trigonometric
statistics proposed in the previous Section, we need to apply Pearson’s random walk statistics, taking into account
the investigation of the random walk with given (with fixed length of steps) by Pearson in his famous letter to the
Journal Nature [32]. Following Hughes (1995) and Stannard and Coles (2004), we introduce the random variable
Gℓ(M) =
m=M∑
m=1
aℓm
|aℓm| =
m=M∑
m=1
eiΨℓm , (7)
the real and imaginary parts of which are essentially following the properties of the Pearson’s Walk in the complex
plane afterM steps. Note that the walk can be in ℓ direction for Gm(M). For all the vectors G(M) the starting point
is zero and the length of each step is unity: |aℓm| = 1. As one can see from Eq.(7), vector Gℓ(M) has a projections
on x and y axes
∑
cosΨℓm and
∑
sinΨℓm, which are the trigonometric moments introduced above. The probability
density function (PDF) for the position of the walks after M = ℓ steps satisfies the equation (see Hughes (1995) for
references)
PM+1(r) =
∫
pM+1(r − r
′
)PM (r
′
)d2r
′
(8)
where pM (r) is the probability density function that the vector G(M) lies in an infinitesimal area centered on r on
the M -th step. For isotropic two-dimensional random walk, in which each step has the same length a = 1 we get for
pM (r) (Kluyver 1906)
pM=1(r) =
1
2π|r|δ(|r| − 1) (9)
and the corresponding PDF for M steps is
PM (r) =
1
2π
∫ ∞
0
dν νJ0(ν|r|) [J0(ν)]M , (10)
if M ≥ 2 and P1(r) = p1(r) for M = 1. If M ≫ 1 the PDF has Gaussian asymptotic (see the references in Hughes
(1995))
PM (r) ≃ 1
πM
exp
(
−|r|
2
M
)
. (11)
4So, for M ≫ 1 the corresponding variance of the random process is σ2 =M/√2. We would like to point out that this
result can be obtained directly from the circular variables C and S by the following way. Let introduce the random
variable R2M = C
2
M + S
2
M (Fisher 1993). From Eq.(5) the upper limit now is M and Φℓm = 0, one can have
R2M =
M∑
m,m′
cos(Ψℓ,m −Ψℓ,m′ ) =M +
M∑
m,m′ 6=m
cos(Ψℓ,m −Ψℓ,m′ ). (12)
For M ≫ 1 and non-correlated phases the last term in Eq.(12) is in order of M−1 and R2M =M .
If the vector GM (ℓ) defines the distance from zero point, at what direction do the walkers move in the plane after
M steps? The answer to this question can be obtained from circular statistics, namely, by Θ(ℓ,∆ℓ). Moreover, one
can formulate the problem of two walks, which randomly move on the plane from the same initial point C and after
M steps come to some points A and B. What is the probability to find both walkers at the vicinity of that points, if
the distance between A and B is r? More importantly, if the steps of two walkers are correlated, what is the distance
between them after M steps? The list of problems can be significantly extended, but using Pearson’s walk model we
can reformulate some quantities of the trigonometric statistics in terms of random walk approach. However, some of
the statistical estimators can be easily derived using trigonometric moments, which we will demonstrate in the next
section. At the end of this Section we would like to point out that the properties of the Θ(m,∆m) statistics can be
described in term of random walk model, but now the ”walker” made the steps in ℓ direction starting from m = ℓmax
and down to m = 1 having corresponding variance R2m = ℓmax−m+1. That sort of statistics allows us to investigate
the morphology of the space of phases for each fixed value of m in direction m ≤ ℓ ≤ ℓmax.
IV. TRIGONOMETRIC STATISTICS IN APPLICATION TO WMAP DATA
In this section we will investigate the asymmetry of different CMB maps derived from the WMAP data sets by
Bennet et al. (2003) (ILC map), the Foreground Cleaned Map (FCM) and Wiener Filtered Map (WFM) by Tegmark
et al. (2003), the Internal Linear Combination map reproduced by Erikson et al. (2004) (EILC). All these maps are
derived by different methods of CMB and foreground signal separation, applying different parts of the sky with masks
and disjoint regions and they have different angular scales for the CMB image reconstruction. In the analysis which
follows, we are not going to discuss the limitation of the methods applied by the authors of ILC, FCM, WFM and
EILC, or use these maps as possible illustration of different statistical properties of the signal. Our goal is to show
the sensitivity the trigonometric and Pearson’s random walk statistics in application to different morphologies of the
maps. For simplicity we will continue to use the term CMB map, but the reader should bear in mind that we use
these maps for their illustrative character.
For example, the FCM derived with some smoothing by the Gaussian filter of the signal at angular scale θ < 1◦,
where the amplitudes (but not the phases!) of the signal is vanishing within that scale. The WFM has some additional
linear (Wiener) filter which was applied separately for each disjoint region of the FCM using the WMAP best-fit power
spectrum Cℓ. The question is: how can we compare these maps, which have different resolutions and different error
bar level after foreground and noise separation?
One may argue that the best way to compare two maps is simply taking the difference between 2 maps (pixel by
pixel). However, due to different resolutions and different errors, taking the difference of 2 maps is by no means a
good estimator. To elucidate this point, we show in Fig.1 the function w(ℓ) = W
1
2 (ℓ), where W (ℓ) is the window
function for all WMAP K-W bands. The properties of the w(ℓ) . In each band there are two parts of singal, S1 and
S2, where S1 is the sky signal S0 convolved with the beam B: S1 = S0
⊗
B, and S2 is the noise. The phases of the
aℓm harmonic coefficients are therefore
tanΨSℓ,m =
|S1ℓ,m| sinΨS1ℓ,m + |S2ℓ,m| sinΨS2ℓ,m
|S1ℓ,m| cosΨS1ℓ,m + |S2ℓ,m| cosΨS2ℓ,m
(13)
If |S1ℓ,m| ≫ |S2ℓ,m|, which is a good approximation for the low ℓ range, the properties of the phase ΨSℓ,m are the
dominated by signal S1. However, when |S1ℓ,m| ≪ |S2ℓ,m| (for the high ℓ range), the phases of the signal ΨSℓ,m are
determined by the phases of the noise. Using these asymptotics, we can conclude that the range of multipoles for
which |S1ℓ,m| ≃ |S2ℓ,m| is the range of transition (ℓ ∼ ℓ∗) from the phases of the signal from the sky to the phases
of the noise (see Chiang et al. 2002 for details). With different beams and window functions, the transition range is
different for different bands.
We propose another way for comparison of the different CMB and non-CMB maps, based on asymmetry parameters.
Namely, for each map, using coefficients of the spherical harmonics expansion, we derive the phases φjℓ,m for comparison
5FIG. 1: The window function w(ℓ) and 1− w(ℓ) functions for the K-W bands versus ℓ. The solid lines and dash-dotted lines
are w(ℓ) and 1− w(ℓ), respectively, from top to bottom for WMAP K, Ka, Q, V and W bands.
using auto- and cross-correlation of the phases. Below we present some of the results of the analysis. We include in
our analysis not only phases of the derived CMB maps, but phases of the K-W bands of the WMAP data sets in
order to compare the properties of the CMB and original data. In Fig.2 we plot the trigonometric moments for the
phases of the WMAP Ka-W band signals. These are supposedly pronounced non-Gaussian signals due to the Galactic
contaminations, and Θa(ℓ,∆ℓ), Θa(m,∆m) display the highly concentrated regions, in particular for δℓ = 2, therefore
indeed non-Gaussian.
V. PHASE AUTO-CORRELATIONS FOR THE DERIVED CMB MAPS
In this section we discuss the properties of the CMB maps derived from the WMAP data sets by combination of
the K-W bands maps. As is mentioned in Introduction we use the ILC, FCM, WFM and EILC and the corresponding
aℓm coefficients for all range of multipoles (ℓmax = 512). However, none of these maps represent pure CMB signal up
to this range of ℓ because of different restrictions of the methods applied for separation of the CMB signal, noise and
foregrounds. Meanwhile, these maps allows to test the properties of the trigonometric statistics of the phases, which
as we believe can be useful for testing the upcoming WMAP data and the Planck data.
The statistics we use are Θa(ℓ,∆ℓ), Θ(m,∆m) for ∆ℓ = 1, 2 and ∆m = 1, 2.
For the random signal all these functions are uniformly distributed by definition at the range [0, 2π], while for the
non-Gaussian signal they should display clusterization of the phases. To compare between the phases of maps, in
Fig.3 we plot Θ(ℓ,∆ℓ), Θ(m,∆m) functions from left to right ILC, EILC, FCM, WFM, respectively. We also would
like to draw attention on the morphology of the Θa(ℓ,∆ℓ), Θ(m,∆m) functions for ∆ℓ = 1, 2 and ∆m = 1, 2. The
correlations for the WFM are discussed in Naselsky et al. 2004 and are independently found by Prunet et al. (2004) for
the WMAP signal. However, for the ILC map the Θ(m,∆m) statistics have displayed some non-Gaussian character,
where for ∆m = 1, Θ are more clustered between π and 2π and for ∆m = 2, it is more concentrated around π.
VI. CROSS-CORRELATIONS BETWEEN THE DERIVED CMB MAPS
In this Section we would like to demonstrate how Θc(ℓ,∆ℓ), Θc(m,∆m) statistics can be used for comparison of
different CMB maps derived by different methods, including the linear (Gaussian or Wiener) filters. These linear filters
significantly destroy some information at specific ranges of multipoles, but not the phases of the signals. Convolving
with a Gaussian filter with characteristic scale ℓ = ℓG, all the amplitudes aℓm for ℓ≫ ℓG become vanishing while all
the phases preserve all information about the morphology of the CMB map. That is one of the reasons why phase
analysis is essential for testing of the statistical properties of the derived CMB maps, as it clearly illustrates different
outcomes of the cleaning methods used. To compare the phases of ILC, EILC, FCM and WFM we implement Eq.(5),
in which the phase Ψ now corresponds to one map (for example, ILC) and the phase Φ corresponds to another (for
example, FCM). We exploit the simplest fact that if the phases are the same, in terms of Θc(ℓ,∆ℓ), Θc(m,∆m)
statistics, they behave like strong non-Gaussian signal. In Fig.4 we plot the cross-correlators Θc(ℓ,∆ℓ), Θc(m,∆m)
6FIG. 2: Auto-correlation of phases in terms of Θa(ℓ,∆ℓ), Θa(m,∆m) for the WMAP (from left to right columns) Ka, Q, V
and W bands. From top to bottom are ∆ℓ = 1 and ∆m = 1, ∆ℓ = 2 and ∆m = 2, respectively.
by pairing CMB maps: from left to right are between ILC and EILC, ILC and FCM, ILC and WFM, and between
EILC and FCM.
Comparing the phases of ILC and EILC maps one can see significant ±π anticorrelations for ℓ ≥ 400 at ∆ℓ = 0,
while for other pairs they are negligible. And at ∆m = 0 all pairs start deviating from total correlation for m ≥ 300,
indicating that the main difference in morphology of these derived maps starts from the multipole range ℓ > 400.
More interestingly, for the ILC and EILC maps the phase correlations have systematic shift by ±π. Note that while in
terms of Θc(ℓ,∆ℓ = 0) and Θc(m,∆m = 0) statistics the signals are nearly the same for ℓ ≤ 400, they have different
auto-correlation (see Fig.3), which is why the Θc(ℓ,∆ℓ = 1, 2) and Θc(m,∆m = 1, 2) statistics are different.
VII. DEVIATION FROM RANDOMNESS IN TERMS OF PEARSON’S WALK STATISTICS
As is mentioned in Section III, the properties of the trigonometric moments can be understood in terms of the
Pearson’s random walk. It provides some additional information about auto and cross-correlation of phases even if
the deviation afterM steps from the estimated RM is 2−3 times bigger than for the Gaussian estimator RM =M1/2.
Although the Θc(ℓ,∆ℓ) and Θc(m,∆m) functions show the gross behavior for a certain separation, the random walk
of phases can display how the phases correlate step by step.
In Fig.5, we present the random walk for Gaussian random signal, ILC, FCM and EILC with fixed separation
∆ℓ = 2 for ℓ = 350 and ∆m = 2 for m = 6. We choose the particular case of ∆ℓ = 2 for ℓ = 350 because the resultant
7FIG. 3: Auto-correlation of phases in terms of Θa(ℓ,∆ℓ), Θa(m,∆m) functions from left to right columns for the ILC, EILC,
FCM and WFM, respectively. From top to bottom rows are ∆ℓ = 1, ∆m = 1, ∆ℓ = 2 and ∆m = 2, respectively.
angles for EILC and FCM are close to π, as shown in Fig.3 the 3rd row, the same reason for ∆m = 2 for m = 6
for ILC and FCM. The Gaussian σ values are calculated when we set the Lmax = 350 and Mmax = 350. The walks
projected in two axes can be written as
Cℓ=350,∆ℓ=2(M) =
M∑
m=1
cos(Ψℓ+∆ℓ,m −Ψℓ,m)
Sℓ=350,∆ℓ=2(M) =
M∑
m=1
sin(Ψℓ+∆ℓ,m −Ψℓ,m) (14)
and
Cm=6,∆m=2(L) =
L∑
ℓ=m
cos(Ψℓ,m −Ψℓ,m−∆m)
Sm=6,∆m=2(L) =
L∑
ℓ=m
sin(Ψℓ,m −Ψℓ,m−∆m). (15)
As one can see from Fig.5 the walks of the derived CMB maps are intrinsically different from the random signal.
For ILC, the walk with the phase difference ∆m = 2 reaches 3σ, so do the walks with ∆ℓ = 2 for EILC, FCM and
8FIG. 4: Cross correlation of phases in terms of Θc(ℓ,∆ℓ), Θc(m,∆m) functions between a pair of maps. From left to right
columns are between ILC and EILC, ILC and FCM, ILC and WFM, and between FCM and EILC. From top to bottom rows
are ∆ℓ = 0, ∆m = 0, ∆ℓ = 1, ∆m = 1, ∆ℓ = 2 and ∆m = 2, respectively.
9FIG. 5: Random walk of
∑M
exp(i∆Φ). In each panel the x and y axes are C(M) and S(M) (top row), and C(L) and
S(L) (bottom), respectively and the circles (starting from inner one) represent 1, 2, 3, 4σ . . . of Gaussian confidence levels for
maximum Mmax = 350 and Lmax = 350. The top row is for ∆ℓ = 2 of ℓ = 350 and bottom for ∆m = 2 of m = 6 with
Lmax = 350. From left to right columns are Gaussian random signal, ILC, EILC, FCM and WFM, respectively.
WFM. Although the Θ statistics from trigonometric moments cannot provide any information about non-Gaussianity
for a single ℓ or m, through Pearson’s random walk we can see significant correlation of the phases in any chosen
direction. The corresponding values of the RM parameter for the maps are around or above 3σ.
VIII. ROTATIONAL INVARIANCE OF THE TRIGONOMETRIC MOMENTS OF PHASES
The previous analysis of the trigonometric moments as estimators of non-Gaussianity of the anisotropy and po-
larization maps dealing with phases of aℓm coefficients consequently depends on the reference system of coordinates.
Obviously, for different coordinate systems these aℓm coefficients and the corresponding phases are different. The issue
which we would like to discuss in this section is how phase correlations depend on the reference system of coordinates
(M. Hobson, private communication, see also Coles et al. 2003). We concentrate on the following question: are the
phases correlators, in particular, the trigonometric moments we introduce, rotationally invariant? And if not, how
significantly such non-invariance can transform the conclusion about non-Gaussianity of the maps? To answer these
questions we need to know how to transform a given set of aℓm of a given coordinate system to new coefficients bℓm,
which corresponds to the new coordinate system rotated by the Euler angles α, β, γ. Following the general method
(Varshalovich, Moskalev and Khersonskii 1988) and taking into account properties of the spherical harmonics (see
Coles et al. 2003) we get
bℓ,m =
∑
m′
Dℓ
m,m′
(α, β, γ)aℓ,m′ (16)
where Dℓ
m,m′
(α, β, γ) is the spherical harmonic decomposition of the Wigner function D(α, β, γ). The coefficients
Dℓ
m,m′
(α, β, γ) should preserve the moduli
∑
m |bℓ,m|2 =
∑
m |aℓ,m|2 under transformation. This leads to the following
equations for Dℓ
m,m′
(α, β, γ)
∑
m
|bℓ,m|2 =
∑
m
∑
m′ ,m”
Dℓ
m,m′
(α, β, γ)D∗ℓm,m”(α, β, γ)aℓ,m′a
∗
ℓ,m” =
∑
m
|aℓ,m|2 (17)
and ∑
m
Dℓ
m,m′
(α, β, γ)D∗ℓm,m”(α, β, γ) = δm′ ,m” (18)
where δm′ ,m” is the Kroneker δ symbol. Without loss of generality we assume that for the initial reference system
of coordinate aℓ,m = exp(iΦℓ,m) where Φℓ,m is the phase for a given ℓ and |m| ≤ ℓ. To obtain the trigonometric
10
moments for the system after rotation we define a matrix of correlations:
Gℓ,ℓ′ =
∑
m
bℓ,mb
∗
ℓ′ ,m
=
∑
m
∑
m′ ,m”
Dℓ
m,m′
(α, β, γ)D∗ℓ
′
m,m”(α, β, γ)aℓ,m′a
∗
ℓ′ ,m”
(19)
where ℓ
′
= ℓ + ∆ℓ and bℓm = |bℓ,m| exp(iΨℓ,m), and Ψℓ,m) is the phase of the ℓ,m harmonics after rotation. For
the statistical ensemble of realizations of the same Gaussian random process, average over realizations leads to
orthogonality of the aℓm coefficients: 〈aℓ,m′a∗l′ ,m”〉 = δm′ ,m”δℓ,ℓ′ . Thus, the correlation matrix has the form Gℓ,ℓ′ =
δℓ,ℓ′ which is typical for a Gaussian process. Unfortunately, in CMB studies we are dealing with one single realization
of the sky, therefore such asymptotics can not be achieved. In a statistical sense, however, non-correlated phases
in a Gaussian signal preserve randomness of the trigonometric moments and could play a role for estimation of any
non-Gaussianity of the map.
Let’s discuss the properties of trigonometric moments for rotated maps. From Eq.(7) we obtain
Θ(ℓ, α, β, γ) = tan−1
ℑ
{∑
m
∑
m′ ,m” D
ℓ
m,m′
(α, β, γ)D∗ℓ
′
m,m”(α, β, γ) exp[i(Φℓ,m′ − Φℓ′ ,m”)]
}
ℜ
{∑
m
∑
m′ ,m” D
ℓ
m,m′
(α, β, γ)D∗ℓ
′
m,m”
(α, β, γ) exp[i(Φℓ,m′ − Φℓ′ ,m”)]
} (20)
Taking into account (see Varshalovich, Moskalenko and Khersonskii, 1988)
Dℓ
m,m′
= exp(−imα)dℓ
m,m′
(β) exp(−im′γ); (21)
where
dℓ
m,m′
(β) =
[
(ℓ+m
′
)!(ℓ −m′)!(ℓ+m)!(ℓ −m)!
] 1
2
min(ℓ−m,ℓ−m
′
)∑
k
(−1)ℓ
′
−m
′
−k (ℓ −m− k)!k!
(ℓ−m′ − k)!(k +m+m′)!
×(cosβ)2k+m+m
′
(sinβ)2ℓ−2k−m−m
′
(22)
we obtain the following formula for Θ(ℓ, α, β, γ):
Θ(ℓ, α, β, γ) = tan−1
ℑ
{∑
m′ ,m” W
ℓ,ℓ
′
m′ ,m”
(β) sin
(
Φℓ,m′ − Φℓ′ ,m” + γ(m
′ −m”)
)}
ℜ
{∑
m′ ,m” W
ℓ,ℓ′
m′ ,m”
(β) cos
(
Φℓ,m′ − Φℓ′ ,m” + γ(m′ −m”)
)} (23)
where
W ℓ,ℓ
′
m′ ,m”
(β) =
∑
m
dℓ
m,m′
(β)dℓ
′
m,m”(β) (24)
As one can see from Eq.(23) the Θ(ℓ, α, β, γ) statistic is rotationally invariant if β = 0 and γ = 0. It is practically
rotationally invariant even when β = 0 but γ 6= 0. For that case as Eq.(23) the main contribution to the summation
in both the nominator and denominator corresponds to m
′
= m” and Θ(ℓ, α, β = 0, γ) ≃ Θ(ℓ, α = 0, β = 0, γ = 0),
where Θ(ℓ, α = 0, β = 0, γ = 0) corresponds to the initial reference system. However, if β 6= 0, the rotational
invariance is broken and the statistical properties of Θ(ℓ, α, β, γ) and Θ(ℓ, α = 0, β = 0, γ = 0) are different for given
multipoles ℓ,m. To investigate how significantly the Θ(ℓ, α, β, γ) statistics can be changed we resort to the Monte
Carlo simulation presented below. We use the GLESP code (Doroshkevich et al. 2003), which provides map rotation
for arbitrary angles θ and φ. In Fig.6 we show the rotation of the FCM map by θ = 55◦ and φ = 40◦, and calculate
the trigonometric moments shown in Fig.7.
As one can see from Fig.7, the non-Gaussianity of the FCM map is preserved in different form in terms of the
mean angle statistics Θ(ℓ, α, β, γ). The residuals from the Galactic plane contributes significantly to Θ(ℓ, α = 0, β =
0, γ = 0) statistics, starting from high multipoles (ℓ ≥ 200). After rotation, the Galactic plane is shifted causing more
correlations for ∆m = 1. In fact, non-invariance of phases provides a new way to test any residues, including from the
Galactic plane, by rotation of the map by θ = π/2, for which any alignment in the structure in the original orientation
is now perpendicular to the previous one. Once again we would like to emphasize that by definition for pure Gaussian
signal any rotations should not lead to correlation of phases, which can be used for estimation of significance level of
the non-Gaussianity.
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FIG. 6: Rotation of the maps. The left is the FCM map and the right is its rotated map by θ = 55◦ and φ = 40◦.
FIG. 7: The mean angle statistics for auto correlations for the rotated FCM map as shown in Fig.6. From left to right are
∆ℓ = 1, ∆m = 1, ∆ℓ = 2 and ∆m = 2, respectively. These are to be compared with the 3rd column in Fig.3.
IX. CONCLUSIONS
In this paper we have presented a new method for analysis of non-Gaussianity for CMBmaps. is further development
from the trigonometric moments of phases of the spherical harmonic coefficients aℓm can be concluded to form mean
angles that enables us to see the global behavior of the “randomness” of the phases. Furthermore, the trigonometric
moments are closely related to the Pearson’s random walks and the mean angle is the resultant angle of the 2
dimensional random walk on the complex plane. The properties of such random walks are well-developed and they
are used to display the phase correlations step by step. We apply these analyses on the derived CMB maps from 1-year
WMAP data. These CMB maps are derived from different foreground cleaning methods, hence their morphologies
are somewhat different. As phases are closely related to morphology, our analyses on phases not only demonstrate
the existence of non-Gaussian residuals among these CMB maps, but also reveal the different morphologies of these
maps. With the upcoming ESA Planck mission, CMB maps with higher resolution and sensitivity will be derived by
different foreground cleaning methods, for which testing the Gaussianity will be imminent. The methods and analyses
we present in this paper for the WMAP data can be applied straightaway to new datasets by the Planck mission.
X. ACKNOWLEDGMENTS
We thank Mike Hobson for useful discussions. We acknowledge the use of the Legacy Archive for Microwave
Background Data Analysis (LAMBDA) and the maps provided by Max Tegmark et al. We also acknowledge the use
of Healpix package [21] and GLESP package [17].
[1] P. Ferreira, J. Magueijo, and K. M. Go´rski, Astrophys. J. 503, L1 (1998).
[2] A. J. Banday, S. Zaroubi, and K. M. Go´rski, Astrophys. J. 533, 575 (2000);
[3] C. L. Bennett et al., Astrophys. J. 583, 1 (2003).
[4] C. L. Bennett et al., Astrophys. J. Supp. 148, 1 (2003).
[5] C. L. Bennett et al., Astrophys. J. Supp. 148, 97 (2003).
[6] J. M. Bardeen, J. R. Bond, N. Kaiser, and A. S. Szalay, Astrophys. J. 304, 15 (1986);
12
[7] J. R. Bond, and G. Efstathiou, Mon. Not. R. Astron. Soc. 226, 655 (1987).
[8] G. Chen, P. Mukherjee, T. Kahniashvili, B. Ratra, and Y. Wang, Astrophys. J. 611, 655 (2004).
[9] L.-Y. Chiang, and P. Coles, Mon. Not. R. Astron. Soc. 311, 809 (2000).
[10] L.-Y. Chiang, P. Coles, and P. D. Naselsky, Mon. Not. R. Astron. Soc. 337, 488 (2002).
[11] L.-Y. Chiang, P. D. Naselsky, and P. Coles, Astrophys. J. Lett. 602, 1 (2004).
[12] L.-Y. Chiang, P. D. Naselsky, O. V. Verkhodanov, and M. J. Way, Astrophys. J. 590, L65 (2003).
[13] P. Coles, P. Dineen, J. Earl, and D. Wright, Mon. Not. R. Astron. Soc. 350, 989 (2004).
[14] M. Cruz, E. Martnez-Gonzlez, P. Vielva, and L. Cayn, Mon. Not. R. Astron. Soc. 356, 29 (2005).
[15] P. Dineen, and P. Coles, Mon. Not. R. Astron. Soc. 347, 52 (2004).
[16] P. Dineen, R. Graca, and P. Coles, Mon. Not. R. Astron. Soc. 358, 1285 (2005).
[17] A. G. Doroshkevich, P. D. Naselsky, O. V. Verkhodanov, D. I. Novikov, V. I. Turchaninov, I. D. Novikov, and P. R.
Christensen, Int. J. Mod. Phys. D accepted.
[18] H. K. Eriksen, F. K. Hansen, A. J. Banday, K. M. Gorski, and P. B. Lilje, Astrophys. J. 605, 14 (2004).
[19] H. K. Eriksen, D. I. Novikov, P. B. Lilje, A. J. Banday, and K. M. Gorski, Astrophys. J. 612, 64 (2004).
[20] N. I. Fisher, Statistical analysis of Circular Data (Cambridge University Press, UK 1993).
[21] K. M. Go´rski, E. Hivon, and B. D. Wandelt, 1999, in Proceedings of the MPA/ESO Cosmology Conference “Evolution of
Large-Scale Structure”, edited by A. J. Banday, R. S. Sheth and L. Da Costa (PrintPartners Ipskamp, NL1999).
[22] F. K. Hansen, P. Cabella, D. Marinucci, and N. Vittorio, Astrophys. J. 605, 14 (2004).
[23] G. Hinshaw et al., Astrophys. J. Supp. 148, 63 (2003).
[24] G. Hinshaw et al., Astrophys. J. Supp. 148, 135 (2003).
[25] E. Komatsu et al., Astrophys. J. Supp. 148, 119 (2003).
[26] J. C.. Kluyver, Kon. Akad. Wet. Amst. 8, 341 (1906).
[27] K. Land, and J. Magueijo, Mon. Not. R. Astron. Soc. 357, 994 (2005).
[28] P. D. Naselsky, L.-Y. Chiang, P. Olsen, O. V. Verkhodanov, Astrophys. J. 615, 45 (2004).
[29] P. D. Naselsky, A. Doroshkevich, and O. V. Verkhodanov, Astrophys. J. Lett. 599, 53 (2003).
[30] P. D. Naselsky, A. Doroshkevich, and O. V. Verkhodanov, Mon. Not. R. Astron. Soc. 349, 695 (2004).
[31] C.-G. Park , Mon. Not. R. Astron. Soc. 349, 313 (2004).
[32] K. Pearson, Nature (London) 72, 294 (1905).
[33] B. F. Roukema, B. Lew, B. Cechowska, A. Marecki, and S. Bajtlik, Astron. Astrophys. 423, 821 (2004).
[34] D. J. Schwarz, G. D. Starkman, D. Huterer, and C. J. Copi, Phys. Rev. Lett. 93, 221301 (2004).
[35] A. Stannard, and P. Coles, Mon. Not. R. Astron. Soc. submitted.
[36] M. Tegmark, A. de Oliveira-Costa, and A. Hamilton, Phys. Rev. D 68, 123523 (2004).
[37] P. Vielva, E. Martinez-Gonzalez, R. B. Barreiro, J. L. Sanz, and L. Cayon, Astrophys. J. 609, 22 (2004).
[38] http : //lambda.gsfc.nasa.gov/product/map/mproducts.cfm
